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H I G H L I G H T S

• The effect of symmetry energy on thermodynamic instabilities of nuclear matter.
• Comparison of Seyler-Blanchard and Myers-Swiatecki interactions in thermodynamic properties of nuclear matter.
• Temperature plays a dominant role in eliminating the instability region.
• The instabilities of asymmetric nuclear matter coincide in both the chemical and mechanical modes.
• The mechanical instabilities play a dominant role in thermodynamic instabilities.

A B S T R A C T

In this research, by using the Seyler-Blanchard (SB) interaction, we present the
Thomas-Fermi statistical approach in the simplest possible form in order to study the
thermodynamic properties of nuclear matter with special attention to symmetry energy
and its role in the thermodynamic instabilities. Our results show that the symmetry
energy and symmetry free energy for the SB interaction are stiffer than those for
the Myers-Swiatecki (MS) interactions. It can be seen that the temperature plays a
prominent role in eliminating the unstable regions of the phase diagrams so that the
unstable region shrinks with increasing temperature until it disappears at the critical
temperature. Furthermore, the thermodynamic instabilities of asymmetric nuclear matter
(ANM) occur simultaneously in both the chemical and mechanical modes, while the
mechanical instabilities play a dominant role, as can be observed more significantly in the
SB interaction than in the MS interactions due to the stiffer behavior of the symmetry
energy and the symmetry free energy. This work paves the way for in-depth research
on the liquid-gas phase transition, considering that the other theoretical predictions are
consistent with the results of this model.
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1 Introduction

A supernova explosion (Prakash et al., 1997; Pons et al.,
1999; Strobel and Weigel, 2001; Camenzind, 2007; Hempel
et al., 2012; Moshfegh and Ghazanfari Mojarrad, 2013) ac-
companied by core collapse is widely regarded as a unique
natural laboratory for the study of thermodynamic prop-
erties of nuclear matter at high temperatures and densi-
ties. Nuclear matter is a hypothetical and ideal system
with numerous nucleons, where interactions are predom-
inantly dictated by the nuclear force, with Coulomb in-
teractions between nucleons being disregarded. Nuclear
matter is described by baryon density ρ = ρn − ρp and

asymmetric parameter δ =
ρn − ρp

ρ
, which is for sym-

metric nuclear matter (SNM) δ = 0, asymmetric nuclear

matter (ANM) 0 < δ < 1, and pure nuclear matter (PNM)
δ = 1.

In the exploration of nuclear matter properties, re-
searchers have introduced different models, which fall into
the categories of microscopic (Baldo et al., 2001; Fedoseew
and Lenske, 2015; Drischler et al., 2016) or phenomeno-
logical (Bandyopadhyay and Samaddar, 1988; Baldo et al.,
2001; Drischler et al., 2016; Bandyopadhyay et al., 1990;
Myers and Swiatecki, 1990; Xu et al., 2007; Moshfegh and
Mojarrad, 2011). This category is based on experimen-
tal constraints and the specific type of interaction em-
ployed. This classification is based on the experimen-
tal constraints and the specific type of interaction em-
ployed. Consequently, the nuclear theories have been de-
veloped by these models in the recent decades. The micro-
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scopic models involve studying nuclear matter properties
using potentials de-rived from nucleon-nucleon scattering
data. In contrast, the phenomenological models utilize
po-tentials compatible with the properties of SNM sat-
uration point and the parameters of the semi-empirical
mass formula to determine the equation of state (EOS)
of nuclear matter. Although both methods are efficient,
we are looking for a method that can achieve the ther-
modynamic properties of the nuclear matter optimally.
For this purpose, we use a phenomenological and statis-
tical model based on the Thomas-Fermi approximation
as a mean-field approach. The Thomas-Fermi model was
used for the first time in atomic physics, and with the ad-
vances made in this theory, it obtained the necessary con-
ditions for use in nuclear physics (Moshfegh and Mojarrad,
2011; Moshfegh and Ghazanfari Mojarrad, 2013; Ghaz-
anfari Mojarrad and Arabsaeidi, 2016; Mojarrad et al.,
2018; Mojarrad and Razavi, 2019; Ghazanfari Mojarrad
and Ranjbar, 2019; Mojarrad and Ranjbar, 2020; Ranjbar
and Ghazanfari Mojarrad, 2021; Razavi and Mojarrad,
2023; Ghaemmaghami and Ghazanfari Mojarrad, 2023;
Ghaemmaghami et al., 2023; Ghaemmaghami and Mojar-
rad, 2022). Based on this model, the interacting particles
can be considered pseudo-particles that occupy the avail-
able states like a gas in the phase space, assuming the
Pauli exclusion principle. Therefore, the momentum and
position of the particles determine the state of the parti-
cles in the phase space. To present this approach in the
framework of the Thomas-Fermi approximation, one can
use the fundamental interaction of the Seyler-Blanchard
(SB) (Seyler and Blanchard, 1961; Brandow, 1967; Ran-
drup and de Lima Medeiros, 1991; Ghaemmaghami et al.,
2023), which can be extended to the density-dependent
interaction of Myers-Swiatecki (MS) (Moshfegh and Mo-
jarrad, 2011; Myers and Swiatecki, 1990; Moshfegh and
Ghazanfari Mojarrad, 2013), whose parameters can be ad-
justed to the quantities such as binding energy and satu-
ration density of nuclear matter. Therefore, to generalize
the scope of calculations, the SB interaction can be basi-
cally employed as an ab initio approach for investigating
the thermodynamic properties such as single-particle effec-
tive energy, neutron chemical potential, symmetry energy,
symmetry free energy, and thermodynamic insta-bilities
of nuclear matter at different temperatures and densities.
The article is structured as fol-lows: firstly, the formu-
lation of the statistical model based on SB interaction
is presented for the study of thermodynamic properties,
symmetry energy, symmetry free energy, and thermody-
namic instabilities of nuclear matter. In the next section,
we discuss the results obtained from this model. Finally,
the summary and conclusion are given.

2 Formalism

This study introduces the formalism of nuclear matter,
employing the SB interaction fitted with the data of fi-
nite nuclei and the saturation properties of nuclear matter
(Randrup and de Lima Medeiros, 1991; Ghaemmaghami
et al., 2023) within the framework of the Thomas-Fermi

approximation:

VSB(r12, p12) = −C e−r12/a

r12/a

(
1− p212

p2b

)
(1)

where, the relative position and momentum of each pair
of nucleons in the phase space are denoted by r12 and
p12, respectively. In addition, C = 453.1 MeV is the par-
ticle interaction strength, a is the Yukawa force range,
pb =

√
2m̄Tb is the characteristic Fermi momentum with

the characteristic kinetic energy Tb = 89.274 MeV, and
m̄ = 938.903 MeV.c−1 is the average nucleonic mass (Ran-
drup and de Lima Medeiros, 1991; Ghaemmaghami et al.,
2023). The nucleonic density, energy density and entropy
density of the ith nucleon in this statistical model are de-
rived as follows:

ρ =
∑

i=n,p

2

h3

∫
d3p1ni(p1) (2)

e =
∑

i=n,p

2

h3

∫
d3p1

( p21
2m̄

+
1

2
VSB(p1)

)
ni(p1) (3)

s = −
∑

i=n,p

2

h3

{∫
d3p1ni(p1) ln(ni(p1))

+ (1− ni(p1)) ln(1− ni(p1))
} (4)

where the occupation number of the ith nucleon in the
phase space, determined through the condition of minimiz-
ing the grand thermodynamic potential (Ghaemmaghami
and Ghazanfari Mojarrad, 2023), is given by:

ni(p) =
(
1 + exp

[
(εph(p)− µi)/T

])

εph(p) =
p2

2B
+ U(pn, pp)

(5)

with

B =
m̄

1 +
4πa3C

Tb
ρ

(6)

U(ρn, ρp) = 4πa3C(−ρ+ kn + kp) (7)

ki =
2

h3

∫ (p1
pb

)2
ni(p1)d3p1 (8)

In the above relations, εph(p) denotes the single-
particle energy, B signifies the effective mass, U(pn, pp)
represents the single-particle potential, and µi indicates
the nucleonic chemical potential. Using the fundamental
quantity of Helmholtz free energy density f = e − Ts,
the pressure can be calculated to determine the EOS of
nuclear matter:

P = ρ2
(∂(

f

ρ
)

∂ρ

)
T

=
∑

i=n,p

(ρiµi)− f

µi =
∂f

∂pi

(9)

which can be expressed at zero temperature as follows:

P + e =
∑

i=n,p

(ρiµi) (10)
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Figure 1: Single particle effective energy ph as a function of wavenumber K at temperature T = 0 MeV (top panels) and
temperature T = 10 MeV (bottom panels) for SNM (left panels) and PNM (right panels) in SB (red lines), MS96 (blue lines) and
MS90 (cyan lines) at densities of ρ = 0.07 and -30.14 fm−3.

Therefore, for the HugenholtzVan Hove (HVH) theo-
rem we have:

p

ρ
+ ε =

∑

i=n,p

(xiεph(PFi)) (11)

where ε =
e

ρ
, xi =

ρi
ρ
i, and εph(PFi) =

P 2
Fi

2B
+ U are the

energy per particle, the relative fraction, and the Fermi en-

ergy in PFi = (
3h3

8π
ρi)

1/3 for the ith nucleon, respectively.

Another significant quantity that has an inevitable effect
on determining the EOS of nuclear matter is the symme-
try energy Esym (the symmetry free energy Fsym), whose
exact and approximate values can be calculated (Ghaz-
anfari Mojarrad and Mousavi Khoroshtomi, 2017) in Eqs.
(12) to (15), respectively:

Esym(ρ, T ) =
1

2

∂2
( e
ρ

)

∂δ2

∣∣∣
δ=0

(12)

Esym(ρ, T ) ' e(δ = 1)− e(δ = 0)

ρ
(13)

and

Fsym(ρ, T ) =
1

2

∂2
(f
ρ

)

∂δ2

∣∣∣
δ=0

= lim
δ→0

µn(ρ, T, δ)− µp(ρ, T, δ)
4δ

(14)

Fsym(ρ, T ) ' f(δ = 1)− f(δ = 0)

ρ
(15)

Adopting the dimensionless parameter x =
ρ− ρ0

3ρ0
,

one can determine the parameters of slope L
(E)
sym and cur-

vature K
(E)
sym , which show the dependence of the symme-

try energy on the density:

Esym(ρ, T ) = Esym(ρ0, T ) + L(E)
symx+

K
(E)
sym

2
x2

+©(x3)

−→ L(E)
sym(T ) = 3ρ0

∂Esym(ρ, T )

∂ρ

∣∣∣
ρ=ρ0

(16)

K(E)
sym(T ) = 9ρ0

∂Esym(ρ, T )

∂ρ2

∣∣∣
ρ=ρ0

(17)

In addition, the parameters of slope L
(F )
sym and curvature

K
(F )
sym can be determined based on the symmetry free en-

ergy expansion:

Fsym(ρ, T ) = Fsym(ρ0, T ) + L(F )
symx+

K
(F )
sym

2
x2

+©(x3)

−→ L(F )
sym(T ) = 3ρ0

∂Fsym(ρ, T )

∂ρ

∣∣∣
ρ=ρ0

(18)

K(F )
sym(T ) = 9ρ0

∂Fsym(ρ, T )

∂ρ2

∣∣∣
ρ=ρ0

(19)

On the other hand, for the thermodynamic stability
of nuclear matter, one can introduce the curvature matrix
fij as




∂2f

∂ρ2n

∂2f

∂ρn∂ρp

∂2f

∂ρp∂ρn

∂2f

∂ρ2p




(
δρ±n

δρ±p

)
= λ±

(
δρ±n

δρ±p

)
(20)

imposing that both the determinant and trace of the cur-
vature matrix fij are positive:

Tr(fij) = λ+ + λ− ≥ 0 (21)
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Det(fij) = λ+λ− ≥ 0 (22)

where

λ± =
1

2

(
Tr(fij)±

(
Tr(fij)

2 − 4Det(fij)
)1/2)

(23)

∂ρ±i
∂ρ±j

=
λ± − fjj
fjj

, (i, j = n, p) (24)

Therefore, when the conditions of Eqs. (21) and (22) are
established, it can be concluded from Eq. (23) that λ±
becomes positive. The positive curvature of f in the pure

chemical direction δρn − δρp =
1

2
ρδδ suggests that λ+

remains positive (Ghaemmaghami and Mojarrad, 2022):

λ− <
∂2f

∂ρ2n
=

4

ρ2
∂2f

∂δ2
=

8

ρ
Fsym < λ+ =⇒ λ+ > 0 (25)

In addition, the convexity of f in the pure mechanical

direction δρn =
ρn
ρp
δρp =

1

2
(1 + δ)(δρ) leads to (

∂P

∂p
)T,δ >

0 (Ghaemmaghami and Mojarrad, 2022). According to
the all theoretical predictions, adopting |λ−| < λ+ in Eq.
(23) ensures that Tr(fij) remains positive, even in cases
of system instability (Margueron and Chomaz, 2003; Vi-
dana and Polls, 2008). Within the instability region, one
can conclude that the negativity of Det(fij) indicates that

(
∂P

∂p
)T,δ and (

∂µp
∂δ

)T,p cannot both concurrently represent

independent types of instability, since

Det(fij) =
2

ρnρ

[(∂P
∂p

)
T,δ

(∂µp
∂δ

)
T,p

]
≤ 0 (26)

3 Results and Discussion of numerical
methods

In order to present the statistical aspect of this model, Fig.

1 shows the effective energy of single particle εph =
p2

2B
+U

as a function of wavenumber K =
p

}
for SNM and PNM

at temperatures T = 0 MeV and T = 10 MeV . In gen-
eral, εph is significantly affected by the density and change
of the system from SNM to PNM, while its temperature
dependence is negligible. As shown, εph has a stronger
dependence on density at low wavenumbers. Based on the
results, the single particle effective energy of neutrons in
the Fermi momentum and at zero temperature is equal to
the corresponding chemical potential , which confirms the
HVH theorem in Eq. (11). As demonstrated, each curve
obtained by the SB interaction, in comparison to the MS96
and MS90 interactions, exhibits a similar trend, while dis-
playing a stronger dependence on the wavenumber. Mean-
while, the inner panel displays the behavior of the ratio of
effective mass B (in units of the average nucleonic mass
m̄) versus the density, showing a decrease in this ratio as
density increases. In addition, unlike the results reported
in Ref. (Ghazanfari Mojarrad and Mousavi Khoroshtomi,

2017), the ratio
B

m̄
is independent of the asymmetric pa-

rameter and temperature.

Figure 2: Neutron chemical potential as a function of density
at temperatures T = 0, 5, 10, 15, and 20 MeV for SNM (solid
lines) and PNM (dashed lines).

Figure 3: Symmetry energy as a function of density at tem-
peratures T = 0, 5, 10, 15, and 20 MeV for the SB interaction
(top panel), MS90 interaction (middle panel), and MS96 inter-
action (bottom panel) for exact (solid lines) and approximate
(dashed lines) cal-culations.

Studying the chemical potential is crucial in order
to understand the thermodynamics of nuclear matter.
Therefore, in Fig. 2, we show the neutron chemical po-
tential µn as a function of density for SNM and PNM
at different temperatures. Generally, µn increases with
increasing density for PNM, while for SNM a decreasing
trend can be observed at lower densities and temperatures.
Our result indicates that the HVH theorem is validated at
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Figure 4: Symmetry free energy as a function of density at
temperatures T = 0, 5, 10, 15, and 20 MeV for the SB inter-
action (top panel), MS90 interaction (middle panel), and the
MS96 interaction (bottom panel) for exact (solid lines) and
approximate (dashed lines) calculations.

the saturation point of the SNM, characterized by the con-
ditions ρ = ρ0, ε = ε0, and P = 0. Furthermore, com-
pared to Ref. (Ghaemmaghami and Mojarrad, 2022), µn
changes more rapidly as a function of the density.

The quantities of symmetry energy and symmetry free
energy play a key role in understanding the basic proper-
ties of the nuclear force. Hence, in Figs. 3 and 4, the sym-
metry energy Esym and the symmetry free energy Fsym
are calculated as a function of density not only for the
BS interaction but also for its extensions, i.e. the MS90
and MS96 interactions proposed in Ref. (Ghaemmaghami
and Mojarrad, 2022). As the density increases, the SB in-
teraction demonstrates a stiffer behavior in the symmetry
and symmetry-free energy, compared to MS90 and MS96
at different temperatures. In addition, symmetry energy
(symmetry free energy) decreases (increases) with increas-
ing temperature. In general, with increasing temperature,
the differences between the exact and approximate results
become more significant.

The parameters of slope L
(E)
sym(L

(F )
sym) and curvature

K
(E)
sym(K

(F )
sym) specify the dependence of symmetry energy

(symmetry free energy) on density. In other words, these
quantities play a crucial role in determining the stiffness
of the symmetry energy. Therefore, in Figs. 5 and 6, the
parameters of slope and curvature are shown as a function

of temperature. Our findings indicate that these param-
eters in SB are appreciably larger than those in MS90

and MS96. As a general trend, L
(E)
sym demonstrates an

increase with rising temperature with L
(F )
sym exhibiting a

decrease. Overall, contrary to K
(E)
sym, K

(F )
sym shows an in-

creasing trend with temperature. Consequently, the dis-
similarity between the behavior of the symmetry energy in
the SB interaction and the one in the MS interactions can
be ascribed to the positivity (negativity) of the curvature
parameters in SB (MS).

Figure 5: Slope parameter of symmetry free energy (top
Panel) and symmetry energy (bottom panel) as a function of
temperature.

Figure 6: Curvature parameter of symmetry free energy (top
panel) and symmetry energy (bottom panel) as a function of
temperature.
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Figure 7: Total instability contours (solid lines) at temper-
atures T = 0, 5, 10, and 15 MeV in the ρp − ρn plain. The
regions associated with the instability in the pure mechanical
direction are specified by the dotted contours.

Figure 8: Total instability contours (solid lines) at tempera-
tures T = 0, 5, 10, and 15 MeV in the ρ− δ plain. The regions
associated with the instability in the pure mechanical direction
are specified by the dotted contours.

Figuers 7 and 8 depict the region of total instability,
where Det(fij) < 0, in the p − δ and ρp − ρn planes.
In addition, the region corresponding to the instability in
the pure mechanical direction is also specified in these fig-
ures. The findings demonstrate that the instability region
shrinks significantly with increasing temperature, disap-
pearing completely at the critical temperature of Tc = 17.2
MeV. In all cases, the region of instability in the pure me-
chanical direction is inside the total instability region. As
it has been shown, the region of instability in the pure
mechanical direction has been significantly expanded in
comparison with Ref. (Ghaemmaghami and Mojarrad,
2022).

Figure 9 depicts the ratio
δρ−p
δρ−n

, which represents the

instability corresponding to the eigenvalue λ−, as a func-
tion of δ at various temperatures. Our results show that
the dominant nature of the instability is mechanical, since

the ratio
δρ−p
δρ−n

is always greater than the ratio
ρp
ρn

. With

increasing temperature, the ratio
δρ−p
δρ−n

decreases, leading

to more noticeable thermal effects at lower densities. In

general, the ratio of
δρ−p
δρ−n

versus δ has a decreasing be-

havior at constant density. Additionally, the convergence

of all isothermal curves for SNM at
δρ−p
δρ−n

= 1, indicates a

one-component structure and pure mechanical instability
driven by nucleon density fluctuations, highlighting the
significant role of these fluctuations in the instability.

In order to compare the outcomes of the SB interac-

tion in the instability, the ratio
δρ−p
δρ−n

as a function of ρ is

presented in Fig. 10. Our results regarding the SB in-
teraction, being consistent with the NL3 model (Avancini

et al., 2006), indicate that the ratio
δρ−p
δρ−n

increases with

ρ at a constant δ due to not incorporating any density-
dependent term in the internucleon interactions. How-
ever, in the case of MS (MS90, MS96) (Ghaemmaghami
and Mojarrad, 2022) interactions and the BHF model (Vi-
dana and Polls, 2008), where the density-dependent effects
between nucleonnucleon potentials are taken into account,

the ratio
δρ−p
δρ−n

shows an initial increase with increasing ρ

at constant δ and then follows a decrease.

Figure 9: Ratio
δρ−p
δρ−n

as a function of asymmetric param-

eter at temperatures T = 0, 5, 10, and 15 MeV for densities
ρ = 0.035 MeV.fm−3 MeV.fm−3 (top panel) and ρ = 0.07
MeV.fm−3 (bottom panel). The short dashes are associated

with λ− > 0, and the long dashes show the ratio
ρp
ρn

.
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Figure 10: Ratio
δρ−p
δρ−n

as functions of density for asymmet-

ric parameters δ = 0.4 (top panel) and δ = 0.4 (bottom panel).

The long dashes show the ratio
ρp
ρn

.

4 Summary and conclusion

In this research, we have investigated the thermodynamic
properties of nuclear matter with special attention to the
symmetry energy, symmetry free energy, and their role
in thermodynamic instabilities of ANM in the framework
of the Thomas-Fermi statistical model using the SB in-
teraction. In the first stage, the effective single-particle
energy has been determined for the different thermody-
namic states, while the nucleon density has the strongest
effect on this quantity. The behavior of the neutron chem-
ical potential in SNM and PNM has also been probed,
by which the compatibility of the HVH theorem in this
model has been examines.The accurate and approximate
calculations of the symmetry energy and symmetry free
energy have evidently confirmed the stiffer behavior of
these quantities in the SB interaction, compared to the
MS interactions at different temperatures. In addition,
examining the slope and curvature parameters of the sym-
metry energy and symmetry free energy has shown that
density-dependent terms in the MS interactions lead to a
significant difference from the results obtained in the SB
interaction. Additionally, our investigations have demon-
strated that temperature exerts a dominant influence in
the elimination of unstable regions within the phase dia-
grams. On the other hand, the mechanical instability re-
gion becomes larger in the SB interaction than that given

by the MS interactions due to the stiffer behavior of the
symmetry free energy. Moreover, the SB interaction be-
haves similarly to the NL3 model in the direction toward
instability, while the density-dependent effects in MS in-
teractions and the BHF model lead to a different behavior.
Finally, this study can provide an undinaible basis for a
profound research on the liquid-gas phase transition in the
future.
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