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HIGHLIGHTS

e Development of high-speed and accurate steady-state neutronic simulator using the high-order nodal expansion method.
e Use of polynomials with Momentum and Galerkin weighting functions in discretization of neutron diffusion equation.
e These weighting functions for rectangular and hexagonal geometries can be used to discretize equations.

e It was concluded that accuracy increases within the acceptable time of computing.

ABSTRACT

In this study, after discretization of the neutron diffusion equation and adjoint with
high-order nodal expansion method in two dimensions and two energy groups, calcu-
lations with Momentum and Galerkin weighting functions for rectangular geometry
(BIBLIS-2D) and hexagonal geometry (IAEA-2D) reactors are performed. The mean of
relative power error for Momentum and Galerkin weighting functions was calculated in
BIBLIS-2D reactor 0.42% and 0.62%, respectively, and for TAEA-2D reactor 4.96% and
3.52%, respectively. Regarding the results, it was concluded that in order to increase
accuracy with the acceptable time of computing (4 Seconds for rectangular geometry
and 28 seconds for hexagonal geometry with Intel® Core™ i7-4510U Processor), the
Momentum weighting function for rectangular geometry and the Galerkin weighting
function for hexagonal geometry can be used to discretize equations without reducing the
node size. Therefore, to increase the accuracy while maintaining the speed of calculations,
without reducing the size of nodes, the appropriate weighting function can be used in
discretization, which can be very useful in performing calculations of different transients.
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Nomenclature
Wiios Average flux for energy group g at I'y),

Symbol Meaning j;ﬂ,’; Average outgoing partial currents for group g
dg(T) Neutron flux in the energy group g at Ty,
qu Neutron current in the energy group g Jaws Average incoming partial currents for group g
Yrg Macroscopic removal cross section at Iy

in the energy group g €ws The unit vector in the direction of the outward
Ys,g'g Macroscopic scattering cross section normal to Iy

from energy group ¢’ to g Al Area of I}
Ytg Macroscopic fission cross section s Node adjacent to the surface I'y;

in the energy group g hi(€) The polynomial of degree ¢ of &, and £ & %
Keft Neutron multiplication factor dII™ and dI'}’; The spatial dimensions in the nodal volume
Vg Fission neutron yield in the energy group g and surface
h Lattice pitch dgw High-order coefficients for hexagonal geometry,
. Left (s =1)/right (s = r) w-surface w=x,u,v

. of the node m, w = z,u, v ot Adjoint flux distribution

&y Average flux for energy group g kg Adjoint multiplication factor

in the node m
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1 Introduction

One of the basic needs in designing, simulating, and study-
ing nuclear reactors is neutronic analysis. There are vari-
ous numerical methods such as finite difference, finite vol-
ume, finite element, and nodal for spatial discretization of
the neutron diffusion equation. Each of these methods can
be used according to the desired geometry, the type, and
size of the meshes, the required accuracy, and the desired
computational time (Bell and Glasstone, 1970; Putney,
1986; Kolali et al., 2021; Hosseini et al., 2018; Lawrence,
1983; Finnemann, 1975).

Today in nuclear reactor calculations, researchers are
looking for methods that, in addition to the acceptable
accuracy, have optimal calculation cost. In order to have
tools with optimal computational cost, a method that uses
large nodes about the size of the fuel assemblies must be
used, which shows the importance of using the nodal ex-
pansion method (NEM) in this type of calculation (Kolali
et al., 2021; Hosseini et al., 2018; Lawrence, 1983; Finne-
mann, 1975; Hall, 2013). One of the ways to increase the
accuracy of calculations without reducing the node size in
the nodal expansion method is the use of suitable weight-
ing functions.

There are different types of nodal methods with dif-
ferent basic functions, such as the nodal flux expansion
method, analytical nodal method, method of expansion
of analytical functions, nodal method of the Green func-
tion, etc. Among these methods, the nodal flux expansion
method is the simplest and most stable method, but is less
accurate (Hall, 2013; Sims, 1977; Hosseini and Vosoughi,
2012). Therefore, the main challenge of the nodal expan-
sion method is its relatively low accuracy. In this paper,
using the High-order nodal expansion method and nodes
with the size of fuel assemblies, the accuracy of the calcu-
lations increases significantly.

In this study, by using different momentum and
Galerkin weighting functions in the average current nodal
expansion method (ACNEM) without reducing the size of
the nodes, the accuracy of forward and adjoint calcula-
tions increases both locally (relative power distribution)
and in general (effective multiplication factor). Also, the
results of these two weighting functions are compared.
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2 Diffusion equation solution by NEM

2.1 Rectangular geometry

According to the literature (Bell and Glasstone, 1970), the
steady-state neutron diffusion is presented in Eq. (1):

G
_)
€~Jg + X gog(r) = Z Ys,g'gPg (1)
g'=1
9'#9

G
X
o > VN gty (r)
(S} g,_l

(1)

The discretization is performed using the average cur-
rent nodal expansion method. First, to perform the calcu-
lations, the coordinate system in Fig. 1 should be defined
and used.

On each considered axis and according to (Putney,
1986), the local dimensionless variable is defined as Eq.

(2):

U
gu—h—u
hy =hy, = H (2)
U=y

In the higher-order solution of the nodal expansion
method for rectangular geometry, fourth-degree polyno-
mials are used. In general, following Ref. (Kolali et al.,
2021), the n'" order of polynomial expansion in the form
of Eq. (3):

n+2
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ig=1
T2

(3)

in which h;(&,) are polynomials of i a degree from &,,
and each of these functions are selected to have orthog-
onal functions throughout the volume of the node II".
According to Fick Law, for I':
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hTm h:m In the diffusion approximation, surface flux is related
> to current according to the following equation:
X

Figure 1: The nodal coordinate system for rectangular geom-
etry.
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By combining Egs. (4) and (5), the following equation
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is obtained:
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Now using Eqgs. (6), (1), and (3), the neutron balance
equation is obtained as Eq. (7):
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In order to solve Egs. (6) and (7), additional equations
that include the first and the second-order coefficients, are
needed. To obtain these coefficients, we can use weighted
residual integrals. The remaining weighted integral for the
m'" node is defined as Eq. (8):

m
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Wi (u), the weighting function in the Eq. (8), can be cho-
sen momentum (Eq. (9)) or Galerkin (Eq. (10)) weighting

function.
l/[/l = hl(gu) = éu
1
— — 2 —_— —

b= sz

9)

1
Wy = hs(&u) = &u(&l — ﬁ)
1
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After replacing in Eq. (8), for the higher-order coeffi-
cients, Eq. (11) is obtained:

(10)
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2.2 Hexagonal geometry

To perform the calculations in hexagonal geometry, the
coordinate system in Fig. 2 should be defined.

H

Figure 2: The nodal coordinate system for hexagonal geom-
etry.

In the higher-order solution of the nodal expansion
method for hexagonal geometry, fifth-degree polynomials
are used. In general, in accordance with (Putney, 1986),
the n'™ order of polynomial expansion is defined as Eq.
(12):
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By combining Egs. (4) and (13), the coupling equation
is obtained as Eq. (14):
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Now using Eqgs. (14), (1), and (12), the neutron bal-
ance equation is obtained as Eq. (15):
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In order to solve Egs. (14) and (15), additional equa-
tions that include the high order coefficients are needed.
To obtain these coefficients one can use weighted residual
integrals. The remaining weighted integral for the m node
is defined as Eq. (16):
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W (u) weighting function can be chosen as momentum (Eq.
(17)) or Galerkin (Eq. (18)) weighting functions:

1
w Z}(f) w (€ 4) an
fwzﬁ;w:m,u,v
W= hal) = € - D) (& - 2)
SASw/ T Swisw Ty ) bw T g (18)

1 1
gi} - gfi + @gw

After replacing in Eq. (16), for the higher order coef-
ficients, Eqgs. (19) and (20) are obtained:
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2.3 Adjoint equation solution by NEM

For considering the point detector and source, the neu-
tron flux distribution is equal to the adjoint one. Before
solving the adjoint diffusion equation, it should be noted
that the adjoint operator is the transpose of the forward
operator. Therefore, the neutron diffusion equation in op-
erator format is defined as Eq. (21) and the matrix form
of the adjoint diffusion equation is obtained as Eq. (22):

Fo (21)

keff

Lot = k% Pt (22)

eff
in which L and F are called loss operator and fission op-
erator that LT and F' are the transpose of them. Also,
#' refers to the adjoint flux and k;rﬂ adjoint effective mul-
tiplication factor. It should be noted that in the steady-
state calculations klﬁ is equal to keg. To solve the adjoint
equations, the method for the discretization of equations
is similar to the forward scheme.

2.4 Programming algorithm

By obtaining a complete set of forward and adjoint nodal
equations, the neutron flux distribution in each energy
group and the relative power distribution, as well as the
effective neutron multiplication factor, are obtained from
solving the system of equations.

Since the nodal balance equation is obtained by placing
the nodal correlated equations within the neutron diffu-
sion equation, the governing equations are interdependent.
In other words, both the system of equations obtained
are of the eigenvalue type, and the correlated equations
and the nodal balance are not independent (Kolali et al.,
2021); Therefore, the power iteration algorithm should be
used in programming. The power iteration algorithm for
solving the diffusion equation based on the nodal method
of high-order flux expansion for rectangular and hexago-
nal geometry is shown by (Kolali et al., 2020) and (Kolali
et al., 2019), respectively. Also, the convergence crite-
ria are considered equal to 1077 to calculate the effective
multiplication factor and 10~? for the neutron flux distri-
bution.

3 Benchmarking and Results

In order to ensure the discretization method as well as
to check the accuracy of the developed programs, calcula-
tions for the benchmark reactors core BIBLIS-2D (Smith,
1979) for rectangular geometry and TAEA-2D (Hebert,
2008; Chao and Shatilla, 1995; Grundmann and Holl-
stein, 1999) for hexagonal geometry with given macro-
scopic cross-sections were done.

Figure 3 shows the arrangement of fuel assemblies in
the core of the reactors. The number in each of the as-
semblies indicates the material numbers, and the materials
specifications can be seen in Tables 1 and 2, respectively.
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Table 1: Two-group (thermal and fast) constants for the core of the BIBLIS-2D reactor (Hosseini et al., 2018).
Group-wise Constants M #1 M #2 M#3 (R) M#4 M#5 M#6 M#7 M#8

D; (cm) 1.4360 1.4366 1.3200 1.4389  1.4381 1.4385 1.4389 1.4349

D; (cm) 0.3635 0.3636 0.02772 0.03638 0.3665 0.3665 0.3679 0.3680
v (cm™h) 0.0058  0.0061 0.0 0.0074  0.0061 0.0064 0.0061 0.0064
V52 (cm™) 0.0960  0.1035 0.0 0.1323  0.1035 0.1091 0.1035 0.1091
a1 (em™1) 0.0095  0.0096 0.0026 0.0103  0.0100 0.0101 0.0101 0.0102
a2 (em™) 0.0750  0.0784 0.0715 0.0914  0.0848 0.0873 0.0880 0.0905
o2 (em™?) 0.0171  0.0172 0.0173 0.0171  0.0231 0.0176 0.0177 0.0170

Table 2: Two-group (thermal and fast) constants for the core of the IAEA-2D reactor (Kolali et al., 2019).
Group-wise Constants M #1 M #2 M #3 M #4

Dy (cm) 1.5 1.5 1.5 1.5

D; (cm) 0.4 0.4 0.4 0.4
v¥s1 (em™h) 0.0 0.0 0.0 0.0
Vo (cm™h) 0.135 0.135 0.135 0.0
a1 (em™1) 0.01 0.01 0.01 0.0
Ya,2 (cm™t) 0.08 0.085 013  0.01
Y12 (cm™t) 0.02 002 002 0.04

Table 3: Calculated effective multiplication factors and relative power values.

ke ke Error (pcm) Max. ERP (%) Ave. ERP (%)

BIBLIS-2D Momentum weighting functions  1.02534 21 1.18 0.42
Galerkin weighting functions 1.02540 27 1.45 0.62
IAEA-2D Momentum weighting functions  1.00420 129 11.88 4.96
Galerkin weighting functions 1.00534 16 8.88 3.52
R[R[R[R[R[R[R[R]R 20 EAE According to the references, the boundary condition
R[R|R[4[4[2]a[2[a[2[R[R[R for the core of the BIBLIS-2D reactor is considered as
RIR]4f4 4]4 | RIR vacuum boundary condition. Calculations for the core of
R[4][4 eI . . .
®lala 2R R this reactor were performed with nodes the size of a fuel
R[4 AL assembly and for two weighting functions of momentum
i i j ﬁ and Galerkin, which results are reported in Table 3. Also,
Rla iR in Table 3, the maximum and average error of the relative
R|d 4R power distribution (ERP) are reported for the momentum
: : i : and Galerkin weighting functions. Figure 4 shows the neu-
R 4|R[R tron flux distribution in the thermal and fast groups, and
Ridj4 i 5 Fig. 5 shows the distribution of the adjoint flux in the
R g :: ; £)4|&04]404 8 é g : R thermal and fast group in the BIBLIS-2D reactor for the
R[R L R[R[R momentum weighting function.

For the TAEA-2D benchmark reactor, calculations
were performed with nodes the size of a fuel assembly
and an albedo boundary condition of 0.5, and for the mo-
mentum and Galerkin weighting functions, and results are
reported in Table 3. Figure 6 shows the neutron flux dis-
tribution, and Fig. 7 shows the adjoint flux distribution
in this reactor for the Galerkin weighting function.

As can be seen from Table 3, for reactors with hexag-
onal geometry, the Galerkin weighting function has better
accuracy than the momentum weighting function, and the
momentum weighting function are more suitable for reac-
tors with rectangular geometriy.

4 Conclusions

Figure 3: Arrangement of fuel assemblies in the cores of . .
BIBLIS-2D reactor (above) and TAEA-2D reactor (bottom) To analyze and perform neutronic calculations of nuclear
(Putney, 1986). reactors, it is necessary to develop software to calculate
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Figure 4: Distribution of the neutron flux in thermal (left) and fast (right) groups.

Figure 5: Distribution of the adjoint neutron flux in thermal (left) and fast (right) groups.

Figure 6: Distribution of the neutron flux in thermal (left) and fast (right) groups.

Figure 7: Distribution of the adjoint neutron flux in thermal (right) and fast (left) groups.
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