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H I G H L I G H T S

•Development of high-speed and accurate steady-state neutronic simulator using the high-order nodal expansion method.
• Use of polynomials with Momentum and Galerkin weighting functions in discretization of neutron diffusion equation.
• These weighting functions for rectangular and hexagonal geometries can be used to discretize equations.
• It was concluded that accuracy increases within the acceptable time of computing.

A B S T R A C T

In this study, after discretization of the neutron diffusion equation and adjoint with
high-order nodal expansion method in two dimensions and two energy groups, calcu-
lations with Momentum and Galerkin weighting functions for rectangular geometry
(BIBLIS-2D) and hexagonal geometry (IAEA-2D) reactors are performed. The mean of
relative power error for Momentum and Galerkin weighting functions was calculated in
BIBLIS-2D reactor 0.42% and 0.62%, respectively, and for IAEA-2D reactor 4.96% and
3.52%, respectively. Regarding the results, it was concluded that in order to increase
accuracy with the acceptable time of computing (4 Seconds for rectangular geometry
and 28 seconds for hexagonal geometry with Intelr CoreTM i7-4510U Processor), the
Momentum weighting function for rectangular geometry and the Galerkin weighting
function for hexagonal geometry can be used to discretize equations without reducing the
node size. Therefore, to increase the accuracy while maintaining the speed of calculations,
without reducing the size of nodes, the appropriate weighting function can be used in
discretization, which can be very useful in performing calculations of different transients.
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Nomenclature

Symbol Meaning
φg(r) Neutron flux in the energy group g−→
J g Neutron current in the energy group g
Σr,g Macroscopic removal cross section

in the energy group g
Σs,g′g Macroscopic scattering cross section

from energy group g′ to g
Σf,g Macroscopic fission cross section

in the energy group g
keff Neutron multiplication factor
νg Fission neutron yield in the energy group g
h Lattice pitch
Γm
ws Left (s = l)/right (s = r) w-surface

of the node m, w = x, u, v
Φm

g Average flux for energy group g
in the node m

Ψm
gws Average flux for energy group g at Γm

ws

j+m
gws Average outgoing partial currents for group g

at Γm
ws

j−m
gws Average incoming partial currents for group g

at Γm
ws

emws The unit vector in the direction of the outward
normal to Γm

ws

Am
ws Area of Γm

ws

Πmws Node adjacent to the surface Γm
ws

hi(ξ) The polynomial of degree i of ξw and ξ ∼= w

h
dΠm and dΓm

ws The spatial dimensions in the nodal volume
and surface

dgw High-order coefficients for hexagonal geometry,
w = x, u, v

φ† Adjoint flux distribution

k†eff Adjoint multiplication factor
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1 Introduction

One of the basic needs in designing, simulating, and study-
ing nuclear reactors is neutronic analysis. There are vari-
ous numerical methods such as finite difference, finite vol-
ume, finite element, and nodal for spatial discretization of
the neutron diffusion equation. Each of these methods can
be used according to the desired geometry, the type, and
size of the meshes, the required accuracy, and the desired
computational time (Bell and Glasstone, 1970; Putney,
1986; Kolali et al., 2021; Hosseini et al., 2018; Lawrence,
1983; Finnemann, 1975).

Today in nuclear reactor calculations, researchers are
looking for methods that, in addition to the acceptable
accuracy, have optimal calculation cost. In order to have
tools with optimal computational cost, a method that uses
large nodes about the size of the fuel assemblies must be
used, which shows the importance of using the nodal ex-
pansion method (NEM) in this type of calculation (Kolali
et al., 2021; Hosseini et al., 2018; Lawrence, 1983; Finne-
mann, 1975; Hall, 2013). One of the ways to increase the
accuracy of calculations without reducing the node size in
the nodal expansion method is the use of suitable weight-
ing functions.

There are different types of nodal methods with dif-
ferent basic functions, such as the nodal flux expansion
method, analytical nodal method, method of expansion
of analytical functions, nodal method of the Green func-
tion, etc. Among these methods, the nodal flux expansion
method is the simplest and most stable method, but is less
accurate (Hall, 2013; Sims, 1977; Hosseini and Vosoughi,
2012). Therefore, the main challenge of the nodal expan-
sion method is its relatively low accuracy. In this paper,
using the High-order nodal expansion method and nodes
with the size of fuel assemblies, the accuracy of the calcu-
lations increases significantly.

In this study, by using different momentum and
Galerkin weighting functions in the average current nodal
expansion method (ACNEM) without reducing the size of
the nodes, the accuracy of forward and adjoint calcula-
tions increases both locally (relative power distribution)
and in general (effective multiplication factor). Also, the
results of these two weighting functions are compared.

Figure 1: The nodal coordinate system for rectangular geom-
etry.

2 Diffusion equation solution by NEM

2.1 Rectangular geometry

According to the literature (Bell and Glasstone, 1970), the
steady-state neutron diffusion is presented in Eq. (1):

−→∇ .−→Jg + Σr,gφg(r) =
G∑

g′=1
g′ 6=g

Σs,g′gφg′(r)

+
χg

keff

G∑

g′=1

νΣf,g′φg′(r)

(1)

The discretization is performed using the average cur-
rent nodal expansion method. First, to perform the calcu-
lations, the coordinate system in Fig. 1 should be defined
and used.

On each considered axis and according to (Putney,
1986), the local dimensionless variable is defined as Eq.
(2):

ξu =
u

hu
hx = hy = H

u = x, y

(2)

In the higher-order solution of the nodal expansion
method for rectangular geometry, fourth-degree polyno-
mials are used. In general, following Ref. (Kolali et al.,
2021), the nth order of polynomial expansion in the form
of Eq. (3):

Φ[n]
g =Φ[0]

g +
n+2∑

i=3
u=x,y

dgui hi(ξu)

+

i+j≤n+2∑

i,j=1
i+j 6=2

cg,ij hi(ξx)hj(ξy) ; n ≥ 1

(3)

in which hi(ξu) are polynomials of i a degree from ξu,
and each of these functions are selected to have orthog-
onal functions throughout the volume of the node Πm.
According to Fick Law, for Γm

ul:

j+m
gul − j−mgul = − 1

Am
ul

∫
Γm
ulDg∇φgemul dΓm

ul

=
Dm

g

hmu
(agu − bgu)

=
Dm

g

hmu
(−2Ψm

gur − 4Ψm
gul + 6Φm

g )

(4)

In the diffusion approximation, surface flux is related
to current according to the following equation:

Ψm
gus = 2

(
j+m
gus − j−mgus

)
(5)

By combining Eqs. (4) and (5), the following equation
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is obtained:



j+m
gul

j+m
gur


 =



Am

gu Bm
gu Cm

gu −Dm
gu Em

gu

Am
gu Cm

gu Bm
gu Dm

gu Em
gu







Φm
g

j−mgul

j−mgur

dmgu1

jmgu2




(6)

Now using Eqs. (6), (1), and (3), the neutron balance
equation is obtained as Eq. (7):

[ ∑

u=x,y

2
Am

gu

hmu
+ Σm

r,g

]
Φm

g =

G∑

g′=1
g′ 6=g

Σm
s,g′gΦm

g′ +
χg

keff

G∑

g′=1

νΣm
f,g′Φm

g′

+
∑

u=x,y

1

hmu

[(
1−Bm

gu − Cm
gu

)(
j−mgul + j−mgur

)

− 2Em
gud

m
gu2

]

(7)

In order to solve Eqs. (6) and (7), additional equations
that include the first and the second-order coefficients, are
needed. To obtain these coefficients, we can use weighted
residual integrals. The remaining weighted integral for the
mth node is defined as Eq. (8):

∫
− hmu

2

hm
u
2

Wk(u)
[
−Dm

g

d2Ψm
gu

d2u
+ Σr,gΨm

gu + Lm
gu

−
G∑

g′=1
g′ 6=g

Σm
s,g′gΨm

g′u −
χg

keff

G∑

g′=1

νΣm
f,g′Ψm

g′u

]
du = 0

(8)

Wk(u), the weighting function in the Eq. (8), can be cho-
sen momentum (Eq. (9)) or Galerkin (Eq. (10)) weighting
function.

W1 = h1(ξu) = ξu

W2 = h2(ξu) = ξ2
u −

1

12

ξu =
u

h
; u = x, y

(9)

W1 = h3(ξu) = ξu
(
ξ2
u −

1

12

)

W2 = h4(ξu) =
(
ξ2
u −

1

4

)(
ξ2
u −

1

20

) (10)

After replacing in Eq. (8), for the higher-order coeffi-
cients, Eq. (11) is obtained:

{Dm
g

hm2

u

+AkΣm
r,g

}
dmguk =

G∑

g′=1
g′ 6=g

Σm
s,g′g

{
Akd

m
g′uk −Bke

m
g′uk

}

+
χg

keff

G∑

g′=1

νΣm
f,g′

{
Akd

m
g′uk −Bke

m
g′uk

}

+BkΣm
r,ge

m
guk +BkL

m
guk

(11)

2.2 Hexagonal geometry

To perform the calculations in hexagonal geometry, the
coordinate system in Fig. 2 should be defined.

Figure 2: The nodal coordinate system for hexagonal geom-
etry.

In the higher-order solution of the nodal expansion
method for hexagonal geometry, fifth-degree polynomials
are used. In general, in accordance with (Putney, 1986),
the nth order of polynomial expansion is defined as Eq.
(12):

φ[1]
g = φ[0]

g + dgxh5(ξx) + dguh5(ξu) + dgvh5(ξv)

= Agh0 + agxh1(ξx) + bgxh2(ξx) + aguh1(ξu)

+ bguh2(ξu) + agvh1(ξv) + bgvh2(ξv)

+ cgh1(ξx)h1(ξu)h1(ξv) + dgxh5(ξx)

+ dguh5(ξu) + dgvh5(ξv)

(12)

According to Fick Law, for Γm
xr:

j+m
gxr − j−mgxr = −D

m
g

H

[47

5
(j+m

gxr + j−mgxr )

+
7

5
(j+m

gxl + j−mgxl ) +
29

10
(j+m

gur + j−mgur )

− 11

10
(j+m

gul + j−mgul ) +
29

10
(j+m

gvr + j−mgvr )

− 11

10
(j+m

gvl + j−mgvl )− 36

5
Φm

g +
1

12
dgx

]

(13)

By combining Eqs. (4) and (13), the coupling equation
is obtained as Eq. (14):




j+m
gxr

j+m
gxl

j+m
gur

j+m
gul

j+m
gvr

j+m
gvl




=




Cm
g1 Cm

g2 Cm
g4 Cm

g3 Cm
g4 Cm

g3 Cm
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g1 Cm
g3 Cm

g4 Cm
g3 Cm

g4 Cm
g5

Cm
g4 Cm

g3 Cm
g1 Cm

g2 Cm
g4 Cm

g3 Cm
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g3 Cm

g4 Cm
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g1 Cm
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g4 Cm
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Cm
g4 Cm

g3 Cm
g4 Cm

g3 Cm
g1 Cm

g2 Cm
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Cm
g3 Cm

g4 Cm
g3 Cm

g4 Cm
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g1 Cm
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j−mgxr
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j−mgur
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Φm
g




(14)
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Now using Eqs. (14), (1), and (12), the neutron bal-
ance equation is obtained as Eq. (15):

[ 4

H
Cm

g5 + Σm
rg

]
Φm

g

=

G∑

g′=1
g′ 6=g

Σm
sg′gΦm

g′ +
χg

keff

G∑

g′=1

νΣm
fg′Φm

g′

+
∑

s=r,l
w=x,u,v

2

3h

(
1− Cm

g1 − Cm
g2 − 2Cm

g3 − 2Cm
g4

)
j−mgws

(15)

In order to solve Eqs. (14) and (15), additional equa-
tions that include the high order coefficients are needed.
To obtain these coefficients one can use weighted residual
integrals. The remaining weighted integral for the m node
is defined as Eq. (16):

∫

Πm

W (ξw)
[
−Dg∇2φg + Σr,gφg −

G∑

g′=1
g′ 6=g

Σm
gg′φg′

− χg

keff

G∑

g′=1

νΣm
f,g′φg′

]
dΠm = 0

(16)

W (u) weighting function can be chosen as momentum (Eq.
(17)) or Galerkin (Eq. (18)) weighting functions:

w = h3(ξw) = ξw
(
ξ2
w −

1

4

)

ξw =
w

h
; w = x, u, v

(17)

w = h5(ξw) = ξw
(
ξ2
w −

1

4

)(
ξ2
w −

1

12

)

= ξ5
w −

1

3
ξ3
w +

1

48
ξw

(18)

After replacing in Eq. (16), for the higher order coef-
ficients, Eqs. (19) and (20) are obtained:




αm
g βm

g βm
g

βm
g αm

g βm
g

βm
g βm

g αm
g







dgx

dgu

dgv


 =




Qm
gx

Qm
gu

Qm
gv


 (19)

Qm
gx = Σm

rg

{233

36
ãgx +

1

8
c̃g

}

+

G∑

g′=1
g′ 6=g

Σm
gg′

(
− 233

36
ãg′x −

1

8
c̃g′ +

179

4752
d̃g′x

+
49

19008
d̃g′u +

49

19008
d̃g′v

)

+
χg

keff

G∑

g′=1

νΣm
fg′

(
− 233

36
ãg′x −

1

8
c̃g′

+
179

4752
d̃g′x +

49

19008
d̃g′u +

49

19008
d̃g′v

)

(20)

2.3 Adjoint equation solution by NEM

For considering the point detector and source, the neu-
tron flux distribution is equal to the adjoint one. Before
solving the adjoint diffusion equation, it should be noted
that the adjoint operator is the transpose of the forward
operator. Therefore, the neutron diffusion equation in op-
erator format is defined as Eq. (21) and the matrix form
of the adjoint diffusion equation is obtained as Eq. (22):

Lφ =
1

keff
Fφ (21)

L†φ† =
1

k†eff

F †φ† (22)

in which L and F are called loss operator and fission op-
erator that L† and F † are the transpose of them. Also,
φ† refers to the adjoint flux and k†eff adjoint effective mul-
tiplication factor. It should be noted that in the steady-
state calculations k†eff is equal to keff . To solve the adjoint
equations, the method for the discretization of equations
is similar to the forward scheme.

2.4 Programming algorithm

By obtaining a complete set of forward and adjoint nodal
equations, the neutron flux distribution in each energy
group and the relative power distribution, as well as the
effective neutron multiplication factor, are obtained from
solving the system of equations.

Since the nodal balance equation is obtained by placing
the nodal correlated equations within the neutron diffu-
sion equation, the governing equations are interdependent.
In other words, both the system of equations obtained
are of the eigenvalue type, and the correlated equations
and the nodal balance are not independent (Kolali et al.,
2021); Therefore, the power iteration algorithm should be
used in programming. The power iteration algorithm for
solving the diffusion equation based on the nodal method
of high-order flux expansion for rectangular and hexago-
nal geometry is shown by (Kolali et al., 2020) and (Kolali
et al., 2019), respectively. Also, the convergence crite-
ria are considered equal to 10−7 to calculate the effective
multiplication factor and 10−5 for the neutron flux distri-
bution.

3 Benchmarking and Results

In order to ensure the discretization method as well as
to check the accuracy of the developed programs, calcula-
tions for the benchmark reactors core BIBLIS-2D (Smith,
1979) for rectangular geometry and IAEA-2D (Hebert,
2008; Chao and Shatilla, 1995; Grundmann and Holl-
stein, 1999) for hexagonal geometry with given macro-
scopic cross-sections were done.

Figure 3 shows the arrangement of fuel assemblies in
the core of the reactors. The number in each of the as-
semblies indicates the material numbers, and the materials
specifications can be seen in Tables 1 and 2, respectively.
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Table 1: Two-group (thermal and fast) constants for the core of the BIBLIS-2D reactor (Hosseini et al., 2018).

Group-wise Constants M #1 M #2 M #3 (R) M #4 M #5 M #6 M #7 M #8

D1 (cm) 1.4360 1.4366 1.3200 1.4389 1.4381 1.4385 1.4389 1.4349
D2 (cm) 0.3635 0.3636 0.02772 0.03638 0.3665 0.3665 0.3679 0.3680

νΣf,1 (cm−1) 0.0058 0.0061 0.0 0.0074 0.0061 0.0064 0.0061 0.0064
νΣf,2 (cm−1) 0.0960 0.1035 0.0 0.1323 0.1035 0.1091 0.1035 0.1091
Σa,1 (cm−1) 0.0095 0.0096 0.0026 0.0103 0.0100 0.0101 0.0101 0.0102
Σa,2 (cm−1) 0.0750 0.0784 0.0715 0.0914 0.0848 0.0873 0.0880 0.0905
Σs,12 (cm−1) 0.0171 0.0172 0.0173 0.0171 0.0231 0.0176 0.0177 0.0170

Table 2: Two-group (thermal and fast) constants for the core of the IAEA-2D reactor (Kolali et al., 2019).

Group-wise Constants M #1 M #2 M #3 M #4

D1 (cm) 1.5 1.5 1.5 1.5
D2 (cm) 0.4 0.4 0.4 0.4

νΣf,1 (cm−1) 0.0 0.0 0.0 0.0
νΣf,2 (cm−1) 0.135 0.135 0.135 0.0
Σa,1 (cm−1) 0.01 0.01 0.01 0.0
Σa,2 (cm−1) 0.08 0.085 0.13 0.01
Σs,12 (cm−1) 0.02 0.02 0.02 0.04

Table 3: Calculated effective multiplication factors and relative power values.

keff keff Error (pcm) Max. ERP (%) Ave. ERP (%)

BIBLIS-2D
Momentum weighting functions 1.02534 21 1.18 0.42

Galerkin weighting functions 1.02540 27 1.45 0.62

IAEA-2D
Momentum weighting functions 1.00420 129 11.88 4.96

Galerkin weighting functions 1.00534 16 8.88 3.52

Figure 3: Arrangement of fuel assemblies in the cores of
BIBLIS-2D reactor (above) and IAEA-2D reactor (bottom)
(Putney, 1986).

According to the references, the boundary condition
for the core of the BIBLIS-2D reactor is considered as
vacuum boundary condition. Calculations for the core of
this reactor were performed with nodes the size of a fuel
assembly and for two weighting functions of momentum
and Galerkin, which results are reported in Table 3. Also,
in Table 3, the maximum and average error of the relative
power distribution (ERP) are reported for the momentum
and Galerkin weighting functions. Figure 4 shows the neu-
tron flux distribution in the thermal and fast groups, and
Fig. 5 shows the distribution of the adjoint flux in the
thermal and fast group in the BIBLIS-2D reactor for the
momentum weighting function.

For the IAEA-2D benchmark reactor, calculations
were performed with nodes the size of a fuel assembly
and an albedo boundary condition of 0.5, and for the mo-
mentum and Galerkin weighting functions, and results are
reported in Table 3. Figure 6 shows the neutron flux dis-
tribution, and Fig. 7 shows the adjoint flux distribution
in this reactor for the Galerkin weighting function.

As can be seen from Table 3, for reactors with hexag-
onal geometry, the Galerkin weighting function has better
accuracy than the momentum weighting function, and the
momentum weighting function are more suitable for reac-
tors with rectangular geometriy.

4 Conclusions

To analyze and perform neutronic calculations of nuclear
reactors, it is necessary to develop software to calculate
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Figure 4: Distribution of the neutron flux in thermal (left) and fast (right) groups.

Figure 5: Distribution of the adjoint neutron flux in thermal (left) and fast (right) groups.

Figure 6: Distribution of the neutron flux in thermal (left) and fast (right) groups.

Figure 7: Distribution of the adjoint neutron flux in thermal (right) and fast (left) groups.
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the distribution of core power, which has efficient and fast
methods. Since, in the case of time-dependent calcula-
tions, due to time discretization, in addition to spatial
discretization, the cost and time of calculations are signif-
icantly increased, the use of the high-order flux expansion
nodal method with nodes in the dimensions of a fuel as-
sembly is beneficial because they have both the proper
speed and accuracy. In order to verify and compare the
two momentum and Galerkin weighting functions, calcu-
lations were performed for the core of BIBLIS-2D reactor
as a benchmark problem for the reactors with rectangular
geometry, and for the core of IAEA-2D reactor as a bench-
mark problem for reactors with hexagonal geometry. The
results show that for the reactors with rectangular geome-
try, the momentum and Galerkin weighting functions have
almost the same accuracy because, for the BIBLIS-2D re-
actor, the mean relative power distribution error for the
momentum and Galerkin weighting functions was 0.42%
and 0.62%, respectively. Also, according to Table 3, their
effective multiplication factors were obtained close to each
other.

For the reactors with hexagonal geometry, the Galerkin
weighting function results in much more accurate answers,
because for the IAEA-2D reactor, the average relative
power distribution error for the momentum and Galerkin
weighting functions was 4.96% and 3.52%, respectively,
and according to Table 3, the error of the effective neutron
multiplication factor for the Galerkin weighting function
was about 100 pcm less.

Regarding the results, it was concluded that in order to
increase accuracy with the acceptable time of computing
(4 seconds for rectangular geometry and 28 seconds for
hexagonal geometry with Intelr CoreTM i7-4510U Pro-
cessor), the Momentum weighting function for rectangular
geometry and the Galerkin weighting function for hexago-
nal geometry can be used to discretize equations without
reducing the node size.

Therefore, in order to increase the accuracy while
maintaining the speed of calculations, without reducing
the size of nodes, the appropriate weighting function could
be used in discretization, which can be very useful in per-
forming calculations of different transients.
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